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1. INTRODUCTION

Our story begins, as many do, with Fourier analysis. Fourier analysis tells us that any complex-
valued, periodic fuction that is square-integrable can be expressed as a (possibly infinite) sum of
trigonometric polynomials. In more advanced language, this says that the characters (continuous
homomorphisms) y : S' — C* form an orthonormal basis of L?(S'), where it is not difficult to
show that the characters of S! are precisely those characters y : S! — C* taking z — z" forn € Z.
Hence, Fourier analysis elicits a deep connection between the complex-valued, square-integrable
functions on the compact abelian group S! and its representation theory.

There are two natural ways to generalize this connection, though they are unified via the
theory of harmonic analysis on locally compact groups. The first generalization is to take the
results of classical Fourier analysis and see how far they can be stretched. This gives rise to the
beautiful theory of Fourier analysis on locally compact abelian groups, which is nicely laid out

n [2|[5]. In this theory, the groups are required to be abelian, but we are allowed to weaken the
topological constraints on the group.

The second generalization, to general compact groups, allows us to soften the requirement
that the group be abelian at the expense of topological generality. This is the subject of this paper;
our goal is to describe the connection between the representations of compact groups and their
complex-valued, square-integrable functions. The crux of this theory is the so-called Peter—-Weyl
theorem, which makes the aforementioned connection precise.

The first part of the paper is devoted to developing the machinery needed to prove the Peter—
Weyl theorem (modulo some hand-waving, which we do for the sake of brevity). In particular,
the proof of the theorem requires understanding the representation theory of compact groups,
which we develop in Section [3| as well as some results from functional analysis, which we state
in Sections 2| and 4, We prove Peter-Weyl in Section |5} The second part illustrates the manifold
consequences of this theorem to various aspects of Lie group theory. In Section[6] we state (and, in
some cases, prove) some deep but immediate corollaries of the Peter-Weyl theorem. Afterwards,
in Section |7, we illustrate an application of this theory to SU(2), the Lie group of 2 X 2 unitary
matrices of determinant 1.

What follows is mostly adapted from Part I of [1] and Chapters 1, 2, 3, and 5 of [2]. We also
rely on [4] in our discussion of Haar measure.

2. HAAR MEASURE

In the following, let G denote a compact group unless specified otherwise. The first order
of business is to endow G with a measure so that we may integrate over the group. Since we
are studying G as a topological group, not solely a topological space, we would like to give G a
measure that interacts particularly nicely with the group structure on G. Such a measure is called
Haar measure.

For any locally compact Hausdorff topological group (X, -), a left Haar measure on X is a
regular Borel measure i that is invariant under multiplication on the left. In other words, for
any Borel set S C X, we have that y;(xS) = pr(S) for any x € X. For any compact subset K of
X, one can show that p (K) < oo; for any open subset U of X, one can show that uy(U) > 0.
Our stipulation that y; be left-translation invariant is entirely arbitrary, as one may define a right
Haar measure pg on X similarly. It turns out that if a Haar measure—left or right—exists, then it
is unique up to multiplication by some positive real constant. It is important to note that left and
right Haar measures do not necessarily coincide. If they do, then X is called unimodular. Compact
groups are particularly nice because every compact group is unimodular, and the entire group



2

has finite measure (Proposition 1.1 of [1]]). Thus, if X is compact, we need not make a distinction
between left and right Haar measure, and, normalizing, we may assume the Haar measure of the
entire group X is 1. Proving the existence and uniqueness of Haar measure in general requires
heavy duty functional analysis that is beyond the scope of this paper. For a proof of these results,
we refer the reader to [2], while [3] offers an introduction to the requisite analytical ideas.

We will, however, discuss the existence of Haar measure on compact Lie groups, which fol-
lows from the theorem below:

Theorem 2.1. Let G be a Lie group of dimension n with a left-invariant orientation. Then G carries
a positively oriented left-invariant n-form wg.

Proof. Let ey, ..., e, be a basis for the Lie algebra of G, i.e., a basis for the tangent space of G at
the identity. Recall that ey, ..., e, is left-invariant: if L; denotes left-translation by g € G, then

Ly e; = e;. Without loss of generality, we may assume that the ey, ..., e, is positively oriented
(otherwise, replace e; by —e;). Let €3, . . ., €, denote the corresponding cotangent vectors. We see
that

(Lyei)(ej) = €i(Lg,e)) = €i(e;) = &,
so the ¢;’s are left-invariant. We set wg = €; A - -+ A €,. Note that this is a left-invariant n-form,
since
L;(wg) :L;el/\---/\L;enzel/\---/\en:a)G,
We have wg(eq,...,e,) =1 > 0, so wg is an orientation form for the orientation we fixed earlier.
Thus, wg is a positively oriented left-invariant n-form «wg. O

In short, for any n-dimensional Lie group G, we have constructed a positively oriented, left-
invariant n-form wg. This is called the Haar volume form on G, and it induces a measure y on

Borel subsets of G by
p(B) = / WG-
B

It is easily verified that y is left-translation invariant:

ﬂ(gB):/ngG:/BL;(wG):/BCOG

Thus, by the uniqueness of Haar measure, it follows that the Haar measure on a Lie group is the
measure p induced by this positively oriented, left-invariant n-form «wg.

3. ScHUR THINGS

In this section, we develop the representation theory of compact groups requisite to under-
standing the statement and proof of the Peter—-Weyl Theorem. Because compact groups can be
thought of as the topological-group analogs of finite groups (indeed, finite groups are compact
with respect to the discrete topology), much of the representation theory is nearly the same as in
the finite case. We will rely on this analogy heavily to abridge some of the proofs, but we will be
careful to note where the theories diverge.

As usual, let G be a compact group with Haar measure y, normalized so that y(G) = 1. Recall
that a representation of G is a continuous homomorphism p : G — GL(V), where V is some
finite-dimensional, complex vector space. We could, more generally, take V to be some Hilbert
space and ask for a homomorphism to the unitary group of V, but our focus from here on out will
be on finite-dimensional, complex representations unless we specify otherwise. Let the character
of p be denoted y,.
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Recall that two key properties of representations of finite groups are complete reducibility—
that every representation of a finite group is a direct sum of irreducible representations—and
Schur’s lemma—that every equivariant map between two irreducible representations is either an
isomorphism or 0. These results hold for representations of compact groups as well.

Let (p, V) be a representation of G. If V carries an inner product (, ) (i.e., a positive-definite
Hermitian form), then we say that (, ) is G-equivariant if it is invariant under the G-action, i.e.,
if (p(g)v, p(g)w) = (v, w). As in the finite dimensional case, given any Hermitian product (,) on
V, we can construct an inner product on V given by

(0, w) = /G (p(9)v, p(g)w)du(g).

It is not difficult to check that (,) is G-equivariant. From this, we deduce complete reducibility;
we omit the proof since it is exactly the same as in the finite case.

Theorem 3.1. Every finite-dimensional representation of a compact group G can be written as the
direct sum of irreducible representations.

For two representations (p, V) and (7, W) of G, a G-equivariant map (or G-module homo-
morphism) V' — W is often called an intertwining operator. As usual, let Homc (V, W) denote the
space of linear maps V. — W; let Homg(V, W) be the subspace of intertwining operators. The
proof of the following is exactly the same as in the setting of finite groups.

Theorem 3.2 (Schur’s lemma). Let (p,V) and (7, W) be irreducible representations of G; let T €
Homg(V,W). Then T is either an isomorphism or 0. Furthermore, if (1, W) = (p,V), then there
exists a scalar A € C such thatT = A - id.

Now, we introduce the central objects of study in this representation theory, which are gen-
eralizations of characters:

Definition 3.3. A matrix coefficient on G is a function ¢ : G — C given by ¢(G) = £(p(g)v),
where (p, V) is some representation and ¢ € V* is a linear functional £ : V. — C.

By choosing a basis vy, ..., v, of V, we identify V with C" and can write p(g) using a matrix.
Ifo = 3; civ; and p(g) (v)) = 2; pij(g)vi, then
p1(g) - pw(9)] [er
p(g)(v) = . aE
pn1(9) -+ pan(9)] Len

and each of the functions p;; : G — Cis a matrix coefficient, since p;;(g) = v} (p(g)v;). Hence, the
moniker “matrix coefficient” is justified. By considering sums and products of matrix coefficients
(and direct sums and tensor products of representations), it is not difficult to verify that the matrix
coefficients on G form a ring (Proposition 2.3 of [1]]). Matrix coeflicients are continuous because
representations are. For (p, V) a representation, call any linear combination of matrix coefficients
of the form ¢(7(g)v) with v € V and ¢ € V* a matrix coefficient of the representation p. These
linear combinations form a vector space &, of dimension at most dim(V x V*) = dim(V)2.

For some representation (p, V) with inner product (, ) on V, because V is finite-dimensional,
every element of V* is of the form (—, v) for some v € V This allows us to index every matrix

IThe generalization of this statement to arbitrary Hilbert spaces is known as the Riesz representation theorem. We
refer the reader to [3] for more details.
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coefficient by a pair of elements in V: every matrix coefficient is of the form ¢, ,(g) = (p(9)u, v)
foru,v eV.

Now, recall that our ultimate goal is to study L?(G), i.e., the measurable functions f:G—-C
such that

1/2
nﬂf{éuwwwwﬁ cw

Recall that L?(G) forms a Hilbert space with inner product

%ﬁh=éﬁ@ﬁ@w@

and corresponding norm || f||2 = +/{f, f)2. Note that because the matrix coefficients of G are
continuous, they are therefore elements of L*(G).

In the setting of finite groups, recall that the characters of irreducible representation represen-
tations of a finite group form an orthonormal basis for the set of complex-valued class functions
on the group. Ultimately, our goal is to show the analogous statement for L?(G), where the set
of matrix coefficients takes the place of the set of characters. In fact, every character of a repre-
sentation of a compact group is itself a matrix coeflicient of the representation. To see this, let
(p, V) be a representation of G and y its character. If vy, . . ., v, is a basis of V with corresponding
dual basis o}, ..., 0, then y(g) = Xi_; 0} (m(g)v;).

Many of the results on characters of representations of finite groups—in particular, the or-
thonormality of characters of distinct irreducible representations—are easily generalized to char-
acters of representations of compact groups. The proofs are basically exactly the same, but sum-
ming over the group is replaced by integrating over the group. We refer the interested reader to
the second section of Part I of [1]], where these results are stated and proved in full.

It turns out that, in L?(G), the matrix coefficients of nonisomorphic representations of G are
orthogonal. In fact, we can exhibit an orthonormal basis for &,.

Theorem 3.4 (Schur Orthogonality). Let (V, p) and (W, x) be irreducible representations of G.
Consider E, and &, as subspaces of L*(G). If = # p, then &, is orthogonal to E,. Moreover, if

01, ...,0p is an orthonormal basis of V and p;j = ¢y, »,, then \/dim(V)p;; for 1 < i, j < dim(V) is an
orthonormal basis for &,,.

Proof. Throughout we use (,) to denote G-equivariant forms on V and W. Suppose f, and f;
are two matrix coeflicients on p and x, respectively. We will construct an intertwining operator
T : V — W, and apply Schur’s lemma (Theorem to prove the theorem. Recall from our
discussion above that f,(g) = (p(g)v’,v) for some v,0” € V and that f;(g) = (7(g)w’, w) for some
w,w’ € W. For these fixedv € Vandw € W, defineamapT : V — W by

76 = [ {p(gr.0)(g™ wiulo).
G
We see that T is in fact an intertwining operator: for any h € G, we have
T(p(hx) = [ (plghx.o)n(g™ wan(g) = [ (plg)wodnhy ™ wdulg) = m(WT (o),
G G

where the second equality follows from the translation-invariance of Haar measure after making
the change of variables g — gh™!. We have that

%wm=4@@me@mewy



Hence,

(T(v'),w) = /G (p(g)v",0)(m(g~Hw, w')dpu(g) = /G (p(g)v', ) (@)W, w)du(g) = {fp, fr)2

where the second equality follows from the fact that (,) is an invariant inner product on W.
Applying Schur’s lemma, we see that if 7 # p, then T = 0 and &,, is orthogonal to &,.

We actually show something slightly stronger than the second statement. With notation as
in the above, suppose that p =~ 7. If v and w are fixed, then define T as in the above. By Schur’s
lemma, there exists some constant c(v, w) such that T = c¢(v, w) - id. Thus,

(To',w) = /G (90, Y P (@Iw wydia(g) = (o, w) (e, w'),

Analogously, we can show that there exists another constant ¢’(v’, w’) such that the above is
equal to ¢’(v', w)(w,v). It follows that there must be some constant d, independent of v, v’, w,
and w’, such that

S NTTT (', w){w,0)
) [ 0@ g widutg) = L,
G
We will show that d = dim(V); in conjunction with , this will imply the theorem. Recall that
01, ..., 0, denotes an orthonormal basis of V, and let y denote the character of p. Since {p(g)v;, v;)

is the (i, i)-component of the matrix representing p(g) with respect to this basis, we have

x(9) = D (p(9)vi,0s).
i=1

By Schur orthogonality of characters, we have that

5ij n

1= /G |x(9)1*du(g) = Z /G<p(g)vi,vi><p(g)vj, o)du(g) = ), — ==
i,j i,j
where the second-to-last equality follows from (). ]

4. JusT ENOUGH ANALYSIS TO BE FUNCTIONAL

To prove Peter-Weyl, we will need some basic facts from functional analysis, none of which
we will prove. The proofs of these facts can be found in Chapter 3 of [1]], in [3]], or in [2].

Let  be a Hilbert space. We define a norm on the space of bounded linear operators on
9. An operator T :  — $ is called bounded (alternatively, continuous) if there exists some
constant C such that |Tx| < Cl|x| for all x € §. If we take § to be a Hilbert space, then a bounded
operator is said to be self-adjoint if we have (Tf, g) = (f,Tg) for all f,g € $. We call a bounded
operator compact if for any bounded sequence (x,), in $§ the sequence (Tx;,), has a convergent
subsequence. The following is the main theorem of consequence:

Theorem 4.1 (The Spectral Theorem). If T is a self-adjoint compact operator on a Hilbert space $,
then there is an orthonormal basis of § consisting of eigenvectors for T4

ZRecall that because our Hilbert space is potentially infinite, a basis for § is a linearly independent subset B of $
such that the closure of the span of B is all of $.



We will also need Arzela—Ascoli, which is a fundamental result in the study of continuous
functions on a compact space. For a compact space X, let C(X) denote the complex-valued con-
tinuous functions on X. Topologize C(X) using the sup norm || ||. Recall that a subset U ¢ C(X)
is said to be equicontinuous if for every x € X and € > 0, there exists a neighborhood A of x such

that [f(x) — f(y)| < o forally €e Aandall f € U.

Theorem 4.2 (Arzela-Ascoli). Let X be a compact Hausdorff space; let U ¢ C(X) be a uniformly
bounded, equicontinuous subset. Then the closure of U in C(X) is compact.

Finally, we introduce the notion of convolution. As usual, let G be a compact group. We
define an operation on L!(G) (the set of complex-valued integrable functions) called convolution,
given by

(fi* £)(g) = /G fi(gh™) () dpu(h) = /G AR f(h g)du(h)

(the last equality is given by making the change of variables h +— h~'g and making use of the
unimodularity of G). One can think of convolution as taking a weighted average of one function
against the other. Convolution has many deep implications, one of which is that it turns L' (G)
into a (nonunital) ring. We will make use of the following two theorems:

Theorem 4.3. Suppose G is unimodular. If f1, f, € L*(G), then f = f; is a continuous function on
G vanishing at infinity, and || fi * f2lle < | fill2llf2ll2 (here || - ||« denotes the sup norm rather than
the norm on L (G)).

Theorem 4.4. If G is compact, then C(G) has an approximate identity. In particular, let U be a
neighborhood base at 1 in G. For each open U € U, let Yy be a real-valued function such that the
following hold:

(1) Y is compactly supported and im () C U;
(2 Yy =0and [,yy =1;

(3) Yu(x™") = yu(x) forallx.

Then for f € L*(G), we have that

If*yv=fllz—=0 as U—{1}.

5. THE PETER-WEYL THEOREM

Before stating the main theorem, we begin with some notation. Let G be the set of equivalence
classes of irreducible representations of G. Denote the equivalence class of a representation 7z by
[]. Recall that &, consists of linear combinations of matrix coefficients of 7. Let

& = spang U Er
[7]€G

be the set of all finite linear combinations of matrix coefficients of irreducible representations. In
the analogy with Fourier analysis, & takes the place of the trigonometric polynomials. Finally,
recall that the right regular representation of G is the representation of G given by translation on
the right.

To ease notation, for each [7] € G, choose some representative 7 € [r]. In the following,
when we refer to some specific representative of [7], we assume that we are referring to this
specific choice.
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Theorem 5.1 (The Peter-Weyl Theorem). Let G be a compact group. Then & is uniformly dense
in C(G) and L?(G). Moreover, we can write

L2(G) = P &
[

n]e@

For [r] € 6, if mij is as in Theorem forl < i,j < d,, whered, denotes the dimension of r, then
{\/d,,mj 11<ij<d,[n] € 6}

forms an orthonormal basis of L*(G).

Proof. Let {y} be an approximate identity as in Theorem Fix some U, and let ¢ = yy. For
f € L*(G), set Ty f = ¢ = f. We claim that Ty is self-adjoint on L?(G). To see why this is the case,
note that

(T fie = /G W * 7)) (@)du(g) = /G /G Jgh ™) i (W@ du(h)du(g)
and that

Ty = /G /G AW TR D B9 du(g)duh).

By Fubini’s theorem and the fact that ¥ is real and symmetric (¢/(x~!) = ¢/(x) for x € G), we
have that (Tyfi, f2)2 = (fi, Ty f2)2, as desired. Applying Theorem we see that Ty is a map
L?(G) — C(G). Moreover, the same result implies that Ty fllo < [l fll2]l¥]l2. For a function a on
G, let Lya(g) = a(x"1g) (define R, similarly). Theoremfurther implies that

ILx (Tyf) = Tyflleo = 1(LxtV = ¥) * flleo < f 12l Lxt = ll2-
Let B be a bounded set in L?(G), and consider the set

{Tyf | f € B}.
The first inequality [T fllco < [|fll2]l¢/]l2 implies that {T;,f | f € B} is uniformly bounded; the
second inequality implies that {T f | f € B} is equicontinuous. Hence, the hypotheses of Arzela-
Ascoli (Theorem are satisfied, and we conclude that T is compact as a map Ty, : L*(G) —
C(G). It follows a fortiori that Ty is a compact operator on L*(G).
Thus, we may apply the spectral theorem (Theorem to T, which allows us to write

1(6) = P 4.,

where the sum runs over a the eigenvalues of T, and .#, denotes the corresponding eigenspace.
Next, note that R, (¢ * f) = ¢ * R, f, which implies that .#, is invariant under right-translation.
For the nonzero eigenvalues @, we must have dim(.#,) < co. This follows because the restriction
of any compact operator to .#, must be compact, and the map f +— «f is compact if and only if f
is finite-dimensional. Thus, take fi, ..., f, be to be an orthonormal basis for .#,. Define pjr(x) =
(Rxfrs i), and note that fi (yx) = 2; pjx (x) fi(y). It follows that fi(x) = X; fj(1)pjk(x). In other
words, each fi is a linear combination of the matrix coefficients of the regular representation p
of M. Therefore, #, C &, C & for each nonzero a.

Recall from our application of the spectral theorem that any f € L?(G) can be written as a
convergent (in L?(G)) series f = 3, f; for f, € .M,. Because Ty : L?(G) — C(G) is bounded,
it follows that we may write Ty, = > ., @fs, Where the series converges uniformly. Moreover,
because we have that each .#, C &, we have that ENT;(L*(G)) is uniformly dense in Ty (L*(G)).



Finally, because {¢y} was chosen to approximate identity, it follows from Theorem [4.4] that

)
U

is (uniformly) dense in C(G). It follows that & is dense in C(G), which is itself dense in L?(G).
Thus, & is dense in L?(G), and combmmg this with Theorem 3.4 H allows us to write L?(G) as the
orthogonal direct sum of & for all [] € G. Proceeding as in Theorem | we get an orthonormal
basis for L?(G) by choosing an orthonormal basis for each representation 7 and considering the
corresponding orthonormal basis of matrix coefficients with respect to this basis. O

6. CONSEQUENCES

The Peter-Weyl theorem has manifold applications, a few of which we discuss in the follow-
ing. While the results of the last two sections have been general, applying to arbitrary compact
groups, there are some immediate Lie-theoretic consequences.

One of these is that every compact Lie group can be realized as a closed matrix group. Recall
that every matrix group is a Lie group, since any matrix group can be embedded in GL, for some n.
However, the converse is not always true, since there exist Lie groups that admit no faithful finite-
dimension representation. For example, consider the Lie group SL;R and its universal cover SLyR.
Let IT be a finite-dimensional real representation of SL,R. Consider the associated Lie group
representation 7 = dII(1) of sI,R. Taking tensor products over R with C gives a representation
of sI,C; since SL,C is simply connected, this yields a representation ®¢ of SL,C. Now, recall that
SL;R ¢ SL,C, so ®c restricts to a representation of SL;R, which we call . The covering map
p : SL;R — SLyR then gives us another representation of SL,R, given by composing ® with p. If
¢ =d(d o p)(1) is the corresponding representation of sI;R, then it is straightforward to verify
that ¢ = 7. Hence, I1 = ® o p; since p : §I:2[R — SL;R is a covering map, we conclude that IT has
nontrivial kernel. It follows that SL,R is a Lie group that cannot be realized as a matrix group,
since it has no finite-dimensional representations that are faithful.

The Peter-Weyl theorem gives us a partial converse, however. Recall that a topological group
has no small subgroups if there is a neighborhood of the identity that does not contain nontrivial
subgroups. To see that a Lie group G has no small subgroups, take a bounded open neighborhood
V of 0 in the Lie algebra g and consider U = exp(V/2). For a nontrivial element g € U, then note
that some positive integer power g" lies in exp(V \ V/2) ¢ G\ U. Hence, no subgroup containing
g can be contained in U.

Theorem 6.1. Let G be a compact group that has no small subgroups. Then G has a faithful finite-
dimensional representation.

Proof. Since G has no small subgroups, there exists a neighborhood U of the identity that does
not contain a nontrivial subgroup. Let ¢ be a continuous function with ¢(1) = 0 and ¢(g) > 1
for g ¢ U. By the Peter-Weyl theorem, there exists a matrix coefficient f corresponding to some
[7] € G such that IIf — Pl < € for any € > 0. It follows that there exists a matrix coefficient
f with f(1) = 0and f(g) > 1forg ¢ U. Since f(x) = £(n(x)v) for some v and ¢, we note that
f(x) is constant on ker(r). Therefore, fker(r) = 0, implying that ker(sr) C U. The kernel of r is
a subgroup of G; by our choice of U, it must be trivial. Hence, 7 is a faithful finite-dimensional
representation of G. o

Corollary 6.2. A compact group G is a Lie group if and only if it can be realized as a closed matrix
group.
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As an application of the above, we note that the Peter-Weyl theorem allows us to prove
that Spin(n) is a matrix group without ever referencing Clifford algebras. Recall that Spin(n) is
the universal cover of SO(n). Since SO(n) is compact Lie group, so is Spin(n). It follows from
Theorem [6.1| that Spin(n) can be regarded as a closed matrix group, as desired.

Another consequence of the Peter-Weyl theorem—which we will not prove—is the follow-
ing theorem, which tells us that arbitrary unitary representations of a compact group can de-
composed into a direct sum of irreducible representations. Let H be a Hilbert space with inner
product (,). Recall that an operator T : H — H is called unitary if for all u,0 € H we have
(Tu,Tv) = (u,v). Let U(H) be the space of unitary operators on H. A unitary representa-
tion of a compact group G is the data of a Hilbert space H and a continuous homomorphism
7 : G — U(H). Complete reducibility of unitary representations is a consequence of the Peter—
Weyl theorem (Theorem5.1).

Theorem 6.3 (Theorem 4.3 of [1]]). Let # : G — U(H) be a unitary representation of a compact
group G. Then H decomposes into a direct sum of finite-dimensional irreducible representations.

Finally, we conclude with a version of Peter-Weyl for class functions (i.e., functions constant
on conjugacy classes of G) on a compact group G. While we omit the proofs of these facts, we
note that the proofs mostly follow easily from Theorem 5.1)and some basic Fourier analysis. For
any space ¥ of functions on G, let ZF denote the set of class functions in F.

Theorem 6.4. The linear span of the characters y, for [x] € G is dense in ZC(G) and also in
L2(G). Moreover, { x, | [7] € G} is an orthonormal basis for ZL*(G).

7. SPHERICAL HARMONICS

Lastly, we sketch an application of Theorem 5.1]to the Lie group SU(2). For a more complete
version of the following results, we refer the reader to Section 4 of Chapter 5 in [2]. Recall
that U(n) is the group of unitary transformations of C", i.e., operators T : C* — C”" such that
T*T = id,, where T" is the conjugate transpose of T. The subgroup SU(n) consists of those unitary
operators of determinant 1. Thus, after some simple algebra, we can write

SU(2) = {Ugp | lal® +[b]* = 1},

a b
Ua,b = [—E a] .

Note that U”, = Ua_; and that the above gives a correspondence between elements of SU(2) and

where

the elements of S? ¢ C?, where Uy, o corresponds to the north pole. In fact, we can realize the
Peter-Weyl theorem analytically as the decomposition of L?(S?) into spherical harmonics, which
will be made precise later.

To do so, we exhibit a collection of representations of SU(2). Let = C[z, w| be the vector
space of polynomials in two complex variables, z and w, with coefficients in C, and let #,,, denote
the vector subspace of homogeneous polynomials of degree m. Since each polynomial can be
thought of as a function in two complex variables, we may view an element of  as an element
of L?(S%), where integration is done with respect to o, the surface measure on the unit sphere
such that o(S®) = 1. On each P,,, we have a complete inner product given by

(P,Q) = /S 3 PQdo.
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Some integration (simple, explicit computations which we omit), shows that the monomials z/w*

are orthogonal in  with respect to this inner product. We can also compute that
Jjlk!
(j+k+1)
which allows us to normalize the monomials z/w™/ into an orthonormal basis for %,,.
Now, there is a natural action of SU(2) on # induced by the action of SU(2) on C?: for P € P,

(Uap - P)(2,w) = P(U, b(z w)) = P(az — bw, bz + aw).

Let 7 denote the corresponding representation. It is easily verified that the SU(2)-action preserves
Pm; let m,, denote the corresponding representation. Some more work shows the following:

(ZIwk, Z/wky =

Theorem 7.1. Each r,, is irreducible for m > 0. Moreover, we have that §I\J(2) ={my, | m e N}.

By the Peter-Weyl theorem, we have that L?(SU(2)) decomposes as

() SU(2) = é S
m=0

But what are the matrix coefficients? Recall that we can write explicitly the matrix coeflicients
of m,, with respect to the aforementioned orthonomal basis of #,,:

(m+1)! . .
ej(z,w):‘{mzjw 1,

Setting 7, (U_3) = 7(a, ), recall that the matrix coefficient n,];,k(a, b) is given by (mp(a, b)ex, e;).
More computation tells us that

®) Z k:EZ IJC)), Tm (a b)zw™ = (az - bw)*(bz + aw)™ ¥,

from which we can show that

jk (m J) / = 2mit 1, 2rit+a\m—k —2mijt
o (a,b) = —b)(be e “THtdt.
@b =[Gy | @ B (b
From (3), we see that ﬂ,ilk(a, b) is polynomial in a, b, a, b that is homogeneous of degree m — k in
(a, b) and homogeneous of degree k in (a, b). Writing a = x; + ix; and b = x3 + ixy, we can verify
Jjk - ..
that 7;,, is harmonic, i.e., that
ik ik ik ik ik
o), N o), N oml, o), 1 o), 4 871'

= =0.
ox:  ox:  ox

2 T 52 = a -
1 5 3 ox; oada  pob

It is a well-known analytic fact that

L%(S") = é H,
m=0

where 7" denotes the space of spherical harmonics of degree k. For n = 1, this decomposition is
realized by Fourier analysis. Since the matrix coefficients of SU(2) are harmonic, the identification
SU(2) ~ S3 along with (2) tells us that the Peter-Weyl decomposition of L?(SU(2)) is exactly the
decomposition of L?(S%) into spherical harmonics.
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